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Abstract
We obtain new inequalities for the modified Bessel function of the second kindKν
in terms of the gamma function. These bounds follow as special cases of inequalities
that we derive for the kernel of the Kra¨tzel integral transformation.
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1 Introduction
The modified Bessel function of the second kind Kν is an important and widely used spe-
cial function. There exists a substantial literature concerning inequalities for the modified
Bessel function of the second; see, for example, [7] and [1] and references therein. In a
recent work, [3] derived the following simple lower bound for the function K0:
1√
x+ 1
2
<
Γ(x+ 1
2
)
Γ(x+ 1)
<
√
2
pi
exK0(x). (1.1)
In this note, we generalise this inequality to the modified Bessel function Kν for ν ≥ 0. In
deriving our inequality, we follow the approach of [3] by exploiting the following integral
representation of the modified Bessel function of the second kind ([8], formula 10.32.8):
Kν(x) =
√
pi(1
2
x)ν
Γ(ν + 1
2
)
∫
∞
1
e−xt(t2 − 1)ν− 12 dt, x > 0. (1.2)
This integral representation of the modified Bessel functionKν closely resembles the kernel
λ(n)ν (x) =
(2pi)(n−1)/2
√
n
(
x
n
)nν
Γ(ν + 1− 1
n
)
∫
∞
1
(tn − 1)ν− 1n e−xt dt, ν > 1
n
− 1, n = 1, 2, . . ., (1.3)
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of the Kra¨tzel integral transformation [6] (see also [2] and references therein for further
properties) defined by
L(n)ν {f}(z) =
∫
∞
0
λ(n)ν (zt)f(t) dt, Re x > 0.
Indeed, a simple manipulation yields the relation
λ(2)ν (x) = 2
(
x
2
)ν
Kν(x). (1.4)
Due to the similarity between the representations (1.2) and (1.3), our approach to
bounding the kernel λ
(n)
ν is no more difficult than bounding the modified Bessel function
Kν . In this note, we exploit the representation (1.3) to derive inequalities for the kernel
λ
(n)
ν and then use (1.4) to immediately deduce inequalities for the modified Bessel function
Kν . These inequalities are a natural generalisation of the inequality (1.1).
2 Results and proofs
The following is the main result of this note.
Theorem 2.1. (i). Let x > 0. Then, for 0 ≤ ν ≤ 1
n
, n = 1, 2, . . ., we have
λ(n)ν (x) ≥ (2pi)(n−1)/2
√
n
n− 1
(
x
n
)nν Γ( x
n−1
+ 1
n
− ν)
Γ( x
n−1
+ 1)
e−x (2.5)
with equality if and only if ν = 1
n
. If ν > 1
n
, the strict inequality is reversed and holds for
all x > (n− 1)(ν − 1
n
).
(ii). Let x > 0. Then, for 0 ≤ ν ≤ 1
2
, we have
Kν(x) ≥
√
pi
2
xνΓ(x+ 1
2
− ν)
Γ(x+ 1)
e−x (2.6)
with equality if and only if ν = 1
2
. If ν > 1
2
, the strict inequality is reversed and holds for
all x > ν − 1
2
.
Proof. We first note that part (ii) follows immediately from setting n = 2 in part (i), due
to the relation (1.4). In order to establish part (i), we recall the integral representation
of the kernel λ
(n)
ν :
λ(n)ν (x) =
(2pi)(n−1)/2
√
n
(
x
n
)nν
Γ(ν + 1− 1
n
)
∫
∞
1
(tn − 1)ν− 1n e−xt dt.
Setting t = 2
n−1
u+ 1 gives
λ(n)ν (x) =
(2pi)(n−1)/2
√
n
(
x
n
)nν
Γ(ν + 1− 1
n
)
2
n− 1e
−x
∫
∞
0
((
2u
n− 1 + 1
)n
− 1
)ν− 1
n
e−
2x
n−1
u du. (2.7)
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We now suppose that 0 ≤ ν < 1
n
and prove that under this condition inequality (2.5) is
strict. For u > 0, we have
n
n− 1
(
e2u − 1) = n
n− 1
∞∑
k=1
(2u)k
k!
>
n∑
k=1
(2u)k
k!
n
n− 1 ×
n− 1
n− 1 × · · · ×
n− k + 1
n− 1
=
n∑
k=1
(2u)k
k!
n!
(n− k)! ·
1
(n− 1)k
=
n∑
k=1
(
n
k
)(
2u
n− 1
)k
=
(
1 +
2u
n− 1
)n
− 1.
Applying this inequality to (2.7) yields
λ(n)ν (x) >
(2pi)(n−1)/2
√
n
(
x
n
)nν
Γ(ν + 1− 1
n
)
2
n− 1
(
n
n− 1
)ν− 1
n
e−x
∫
∞
0
e−2xu(e2u − 1)ν− 1n du (2.8)
=
(2pi)(n−1)/2
√
n
(
x
n
)nν
Γ(ν + 1− 1
n
)
2
n− 1
(
n
n− 1
)ν− 1
n
e−x
∫
∞
0
e−(
2x
n−1
+ 2
n
−2ν)u(1− e−2u)ν− 1n du.
Making the change of variables y = e−2u gives
∫
∞
0
e−(
2x
n−1
+ 2
n
−2ν)u(1− e−2u)ν− 1n du = 1
2
∫ 1
0
(1− y)ν− 1n y xn−1+ 1n−ν−1 dy
=
1
2
B(ν + 1− 1
n
, x
n−1
+ 1
n
− ν)
=
Γ(ν + 1− 1
n
)Γ( x
n−1
+ 1
n
− ν)
2Γ( x
n−1
+ 1)
,
where B(a, b) is the beta function, and we used the standard formula B(a, b) = Γ(a)Γ(b)
Γ(a+b)
.
This completes the proof that inequality (2.5) holds for 0 ≤ ν < 1
n
. When ν > 1
n
inequality
(2.8) is reversed and so inequality (2.5) is also reversed. Note that when ν > 1
n
the integral
in inequality (2.8) only exists if x > (n−1)(ν− 1
n
). Finally, we note that we have equality
when ν = 1
n
, because (2.8) becomes an equality in this case.
Corollary 2.2. Let 0 ≤ ν < 1
2
. Then for all x > 0,
(
x
x+ 1
2
− ν
)ν+ 1
2
<
√
2
pi
exKν(x) < 1.
Proof. The upper bound holds because Kν(x) < K1/2(x) =
√
pi
2x
e−x for all ν < 1
2
(see
[5]). The lower bound follows from Theorem 2.1 and an application of the inequality
Γ(x+a)
Γ(x+1)
> 1
(x+a)1−a
for 0 < a < 1 (see [4]).
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Remark 2.3. The following bounds for Kν(x) were obtained by [7]:
1−
1
2
(1
4
− ν2)
x+ 1
2
(1
4
− ν2) <
√
2x
pi
exKν(x) < 1−
1
2
(1
4
− ν2)
x+ 1
4
(9
4
− ν2) , x > 0, 0 ≤ ν <
1
2
.
Despite taking a relatively simple form, numerical experiments show that, for 0 ≤ ν < 1
2
,
the bounds of [7] and Theorem 2.1, part (ii) are remarkably accurate for all but very small
x, for which the modified Bessel function Kν(x) has a singularity as x ↓ 0. The bound
(2.6) outperforms the lower bound of [7] for very small x, as it is O(xν) as x ↓ 0, as
opposed to O(x1/2) which is the case for that bound of [7]. However, the bound of [7]
performs better for large x.
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